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All sources are assumed to be in the disc and are assumed to be SNRs  

which explode in the Galaxy at a rate R  per unit time 



Diffusive propagation of  CR in 
the Galaxy 

The propagation of  nuclei of  type k is described by the transport equation: 

DIFFUSION                   SPALLATION             INJECTION 

Injection is taken in the form: 
 
 
 
 
THE TRANSPORT EQUATION IS SOLVED WITH THE BOUNDARY CONDITION  
THAT  

nk(E, z = ±H) = 0



The Green function of  the transport equation without boundary conditions 
(namely without imposing n(H)=0) is easily found to be: 
 
 
 
 
 
therefore one can use the method of  image charges to obtain the Green  
function that satisfies the boundary condition: 



Let us consider the simple case in which we are sitting in the center of  the disc 
and we limit ourselves with protons, namely there are no nuclei and no spallation. 
In this case the density of  particles at Earth is:  
 
 
 
 
 
 
 
 
 
 
If  H<<Rd then one can easily see that the sum over n tends to H/Rd therefore: 



The case of nuclei is more complicated but not too much… 
Keeping the spallation term and introducing the spallation time  
 
 
 
 
 
 
 
 
 
 
The integrals over tau and r are both analytical and lead to: 



The asymptotic behavior is: 
 
 
 
 
 
In the opposite limit one has to be careful defining the average density over 
the propagation volume: 
 
 
 
 
 
and in this condition: 
 
 
 
 
which leads to  
 
 
namely in the regime of  strong spallation the equilibrium spectrum reproduces 
the injection spectrum 
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EFFECT OF RANDOMNESS IN SNRs 

DEFICIT POSSIBLY INDICATING THAT  
HERE IS WHERE EXTRAGALACTIC CR 
KICK IN 



SIMPLE BUT EFFECTIVE MODEL 
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vW is the velocity of possible wind from the Galaxy, while vA is the speed of the 
Alfven waves on which particles scatter. 
 
Notice that while it is plausible to build models in which there is no wind (vW=0), it 
is hard to eliminate the wave velocity. To do so one has to assume that waves 
propagate isotropically so that their local mean vanishes. 
 
Let us assume a simple model in which vW=0.  Moreover let us assume that 
injection and interactions occur only in the disc at z=0. 
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becomes as small as the particle Larmor radius. Diffusion
models routinely used in calculations of CR propagation
are inspired (implicitly or explicitly) by the assumption
that something like this happens.

In this Letter we present our calculations of the com-
bined effect on CR scattering on turbulence cascading
from some large scale (L0 = 50pc) through NLLD and
self-generated waves induced by CR streaming in the
Galaxy. We find that a change in the scattering prop-
erties of the ISM must occur at ∼ 200 − 300 GeV/n re-
flecting in a change of shape of the CR spectrum at the
same rigidity. While the transition energy can be esti-
mated analytically, we solve the full system of equations
describing CR transport and wave evolution so as to ob-
tain a self-consistent spectrum of CRs. In this way, we
also find that at energies below ∼ 10 GeV/n the advec-
tion of CRs with waves moving with the Alfvén velocity
leads to a spectral hardening. Both spectral features are
observed [1, 3], and this work was actually stimulated by
these observations.

The calculation—We solve the CR diffusion equation
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coupled with the equation for the waves:
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Here f(p, z) is normalized so that the number of particles
in the range dp around momentum p at the location z
above or below the disc is 4πp2f(p, z)dp. The diffusion
coefficient is related to the wave spectrum through the
well known expression:

D(p) =
1

3
rL(p)v(p)

1

k W (k)
, (3)

where the power in the form of waves, W (k), satisfies:

∫ ∞

k0

dk W (k) = ηB =
δB2

B2
0

, (4)

with δB2/4π the power in turbulent fields and B0 the
regular magnetic field strength. In Eq. (3) the momen-
tum and wavenumber are related through the resonance
condition k = 1/rL(p) = qB0/(pc), with rL the Lar-
mor radius of particles with momentum p moving in the
magnetic field B0. The underlying assumption is that
δB << B0. In Eq. (1) we use a simple injection model
in which all CRs are produced by SNRs in an infinitely
thin disc of radius Rd:

qcr(p, z) =
ξCRESNRSN

πR2
dI(α)c(mc)4

( p

mc

)−α
δ(z) ≡ Q0(p)δ(z).

(5)
Here ξCR is the fraction of the total kinetic energy
of a SN, ESN , assumed to be channelled into CRs,
and the SN rate is RSN . The quantity I(α) =

4π
∫ ∞
0 dx x2−α

[√
x2 + 1 − 1

]

comes from the normaliza-
tion of the kinetic energy of the SN that goes into CRs.
Notice that the particle spectrum is assumed to be a
power law in momentum, as expected for diffusive shock
acceleration in the test particle regime.

Eq. (2) describes the stationary wave spectrum W (k)
under the effect of wave-wave coupling and amplification
of waves due to streaming instability at a rate Γcr(k).
The cascade is due to NLLD and is described as a diffu-
sion process in k-space with a diffusion coefficient [18]:

Dkk = CKvAk7/2W (k)1/2 (6)

for a Kolmogorov phenomenology (CK ≈ 5.2×10−2 [16]).
One can easily check that, in the absence of a CR-induced
contribution, this diffusive process in k-space leads to
the standard Kolmogorov spectrum W (k) ∝ k−5/3 (for
k ( k0), if the injection of power occurs at a single k0 =
1/L0. The effect of CRs is to amplify the waves through
streaming instability, with the growth rate:

Γcr(k) =
16π2
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where the spatial gradient of CRs can be found by solving
the transport equation, Eq. (1).

Eq. (1) is solved in the simplifying assumptions that
D depends weakly on the the z-coordinate, and that the
Alfvén speed is also independent of z, except for the fact
that Alfvén waves move upward (downward) above (be-
low) the disk. This implies that dvA/dz = 2vAδ(z). With
these assumptions the solution of Eq. (1) can readily be
found to be in the form:

f(z, p) = f0(p)
1 − e−ζ(1−|z|/H)

1 − e−ζ
, ζ(p) ≡

vAH

D(p)
, (8)

and f0(p) has to satisfy the following equation, obtained
by integrating Eq. (1) in the range z = (0− − 0+):
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The space derivative can be easily derived from Eq. (8):
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, λ(p) = 1 − exp [ζ(p)] . (10)

Solving for f0, the CR spectrum in the disc of the Galaxy
is readily found to be:

f0(p) =
3

2vA

∫ ∞

p

dp′

p′
q0(p) exp

[

∫ p′

p

dp′′

p′′
3

λ(p′′)

]

. (11)

In the high energy limit, where diffusion prevails upon
convection at speed vA, Eq. (11) reduces to the well
known solution of the diffusion equation in one dimen-
sion, fdiff

0 (p) = Q0(p)H/(2D(p)).
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For z>0 and z<0 the equation reduces to 
 
 
 
 
That has a simple solution: 
 
 
 
 
Now recall that the Alfven speed simply changes sign in crossing the disc, so that 
 
 
Therefore integrating the transport equation across the disc one gets:   
 
 
 
And calculating the derivative from the expression for f(z,p): 
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tion of CRs with waves moving with the Alfvén velocity
leads to a spectral hardening. Both spectral features are
observed [1, 3], and this work was actually stimulated by
these observations.
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with δB2/4π the power in turbulent fields and B0 the
regular magnetic field strength. In Eq. (3) the momen-
tum and wavenumber are related through the resonance
condition k = 1/rL(p) = qB0/(pc), with rL the Lar-
mor radius of particles with momentum p moving in the
magnetic field B0. The underlying assumption is that
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comes from the normaliza-
tion of the kinetic energy of the SN that goes into CRs.
Notice that the particle spectrum is assumed to be a
power law in momentum, as expected for diffusive shock
acceleration in the test particle regime.

Eq. (2) describes the stationary wave spectrum W (k)
under the effect of wave-wave coupling and amplification
of waves due to streaming instability at a rate Γcr(k).
The cascade is due to NLLD and is described as a diffu-
sion process in k-space with a diffusion coefficient [18]:
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for a Kolmogorov phenomenology (CK ≈ 5.2×10−2 [16]).
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where the spatial gradient of CRs can be found by solving
the transport equation, Eq. (1).
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In the high energy limit, where diffusion prevails upon
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where the spatial gradient of CRs can be found by solving
the transport equation, Eq. (1).
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line respectively). The energy dependence of the diffu-
sion coefficient in the energy range 10 < E < 200 GeV/n
is not a perfect power law, but if we approximate it as
such, we find D(E) ∼ E0.7. At larger energies, E > 200
GeV/n, the trend is D(E) ∼ E1/3, as expected for a
Kolmogorov cascade. At low energy the change of slope
is due to the transition to a non-relativistic regime, but
there the propagation is advection-dominated.

FIG. 3: Grammage obtained in our calculations (solid line)
compared with the leaky box fit proposed in Ref. [17] (dashed
and dotted lines are the fit for δ = 0.5 and 1/3 respectively).

The grammage traversed by CRs under the combined
effect of diffusion and advection at the Alfvén speed is
easily found to be:

X(E) =
ndmphv

2vA

[

1 − exp

(

−
vAH

D(E)

)]

, (16)

where nd = 3 cm−3 is the total gas density in the disc of
the Galaxy with a half-thickess h # 150 pc. The gram-
mage obtained in our calculations is shown in Fig. 3 (solid
line) and compared with the leaky box fits proposed in
[17] (dashed line for δ = 0.5 and dotted line for δ = 1/3).
The normalization in the 1 − 10 GeV range comes out
naturally in our calculations, together with the change
of slope in the diffusion properties at ≈ 200 GeV/n.

The flattening in the energy dependence of the diffu-
sion coefficient at high energies automatically avoids se-

vere problems with CR anisotropy. The mean anisotropy
amplitude is δ ∼ 10−3 at 1 TeV and increases with energy
as E1/3. However, as discussed in [13], this mean value
is not very meaningful in that the amplitude is domi-
nated by the nearest and most recent sources, and may
dramatically differ from the mean value. Nevertheless, it
is encouraging that the physical processes described here
naturally lead to steep energy dependence of the diffu-
sion coefficient in the low energy regime that does not
necessarily lead to violate observed data on anisotropy.

In summary, we showed that in a simplified but physi-
cally consistent model for the CR propagation in the ISM
the departure from a power-law spectrum in CRs mea-
sured at Earth is a consequence of basic processes. Both
a convective velocity of the order of vA in Eq. (1) and the
contribution of CRs to the wave spectrum in Eq. (2) are
unavoidable, albeit often neglected in phenomenological
studies. It is actually remarkable that without ad hoc free
parameters, the basic trend shown by the measured and
inferred CR spectra can be reproduced in a relatively sim-
ple model. The several approximations that have been
made (e.g. treatment of non-linear damping, absence of
re-acceleration, neglect of non-linear effects in diffusive
shock acceleration) are not expected to change the qual-
itative picture that emerges. The scenario detailed here
also allows to accommodate the inferred behaviour of the
grammage as well as—at least qualitatively—the strin-
gent constraints coming from anisotropy at high energy.
We find encouraging that the recent bonanza of CR data
allows one to gain some insights on (astro)physical pro-
cesses involving CRs, beyond the mere task of providing
more accurate fits to injection spectra or propagation pa-
rameters; this is a trend which hopefully will be further
boosted in the near future with the expected results of
AMS-02.
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with δB2/4π the power in turbulent fields and B0 the
regular magnetic field strength. In Eq. (3) the momen-
tum and wavenumber are related through the resonance
condition k = 1/rL(p) = qB0/(pc), with rL the Lar-
mor radius of particles with momentum p moving in the
magnetic field B0. The underlying assumption is that
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comes from the normaliza-
tion of the kinetic energy of the SN that goes into CRs.
Notice that the particle spectrum is assumed to be a
power law in momentum, as expected for diffusive shock
acceleration in the test particle regime.

Eq. (2) describes the stationary wave spectrum W (k)
under the effect of wave-wave coupling and amplification
of waves due to streaming instability at a rate Γcr(k).
The cascade is due to NLLD and is described as a diffu-
sion process in k-space with a diffusion coefficient [18]:
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for a Kolmogorov phenomenology (CK ≈ 5.2×10−2 [16]).
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contribution, this diffusive process in k-space leads to
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where the spatial gradient of CRs can be found by solving
the transport equation, Eq. (1).

Eq. (1) is solved in the simplifying assumptions that
D depends weakly on the the z-coordinate, and that the
Alfvén speed is also independent of z, except for the fact
that Alfvén waves move upward (downward) above (be-
low) the disk. This implies that dvA/dz = 2vAδ(z). With
these assumptions the solution of Eq. (1) can readily be
found to be in the form:

f(z, p) = f0(p)
1 − e−ζ(1−|z|/H)

1 − e−ζ
, ζ(p) ≡

vAH

D(p)
, (8)

and f0(p) has to satisfy the following equation, obtained
by integrating Eq. (1) in the range z = (0− − 0+):

−2D(p)

[

∂f

∂z

]

z=0+

−
2

3
vAp

df0

dp
= q0(p). (9)

The space derivative can be easily derived from Eq. (8):

[

∂f

∂z

]

z=0+

=
vAf0

D(p)

1

λ(p)
, λ(p) = 1 − exp [ζ(p)] . (10)

Solving for f0, the CR spectrum in the disc of the Galaxy
is readily found to be:

f0(p) =
3

2vA

∫ ∞

p

dp′

p′
q0(p) exp

[

∫ p′

p

dp′′

p′′
3

λ(p′′)

]

. (11)

In the high energy limit, where diffusion prevails upon
convection at speed vA, Eq. (11) reduces to the well
known solution of the diffusion equation in one dimen-
sion, fdiff

0 (p) = Q0(p)H/(2D(p)).

W (k) = ηB(s− 1)L0

�
k

k0

�−s

L0 = 1/k0

D(p) =
1
3
rL(p)v(p)

1
kresW (kres)

kres =
1

rL(p)



THE TYPE OF CASCADE IN K SPACE FROM K0 TO SMALLER SPATIAL SCALES IS 
NOT WELL UNDERSTOOD (NON LINEAR LANDAU DAMPING), BUT TWO 
PHENOMENOLOGIES ARE OFTEN STUDIED: 
 
KOLMOGOROV PHENOMENOLOGY à S=5/3 
 
KRAICHNAN PHENOMENOLOGY     à S=3/2 
 
FOR S=5/3 ONE HAS: 
 
 
 
FOR s=3/2: 

D(p) =
1
3
rLv(p)

1
1

rL
ηBL0(s− 1)

�
L0
rL

�−s =
1
3
r2−s
L

v(p)
ηBL1−s

0 (s− 1)

D(p) = 4.2× 1027 β

ηB
(ZBµ)−1/3

�
p

mpc

�1/3

cm2/s

D(p) = 4.5× 1026 β

ηB
(ZBµ)−1/2

�
p

mpc

�1/2

cm2/s



POSSIBILITY N. 2 

THE DIFFUSION PROPERTIES ARE DETERMINED BY THE STREAMING 
OF COSMIC RAYS THEMSELVES.  
 
WAVES ARE GENERATED AT A (GROWTH RATE) OF: 
 
 
 
 
AND DAMPED WITH A RATE THAT DEPENDS ON WHETHER THE PLASMA 
IS APPRECIABLY NEUTRAL (ION-NEUTRAL DAMPING) OR NOT (NON 
LINEAR LANDAU DAMPING). 
 
ALREADY IN THE 70s THIS POSSIBILITY WAS INVESTIGATED (Skilling, 
Cesarsky, Wentzel, Holmes). IT MAY BE RESPONSIBLE FOR DIFFUSION OF 
COSMIC RAYS UP TO SEVERAL HUNDRED GeV. 



SPALLATION 



Secondary/Primary ratios 

! 

D(E)"E#

! 

" =1/ 3

! 

" = 0.7

Primary/Primary 

CREAM 2008 



THE B/C RATIO AS A DIFFUSION INDICATOR 

IN PRINCIPLE B/C ~ 1/D(E) IN 
THE HIGH RIGIDITY REGIME 
 
BUT UNCERTAINTIES ARE STILL 
LARGE 
 
NOT EASY TO DISCRIMINATE 
AMONG DIFFERENT DIFFUSION 
COEFFICIENTS 

Adapted from Obermeier et al. 2011 



Unstable Elements 
Simpson and Garcia-Munoz 1988 

Balloon flights  
Cosmic Rays 
 
 
 
 
 
Laboratory 
Experiment 

yr101.5 τ  6
Be10 ×=

AGE OF COSMIC  
RAYS  ABOUT  
10-15 MILLION 
YEARS 



Simple	
  scaling	
  relaBons	
  
IN ORDER FOR INJECTION AND ESCAPE TO LEAD TO A STATIONARY 
SITUATION ONE HAS TO REQUIRE: 
 
 
 
 
DURING PROPAGATION CR PRODUCE SECONDARY NUCLEI AT A  
RATE 
 
 
 
AND AGAIN IN A STATIONARY REGIME: 
 
 
 
 
BASED ON PRESENT DATA ON B/C IT IS STILL HARD TO DISCRIMINATE  
BETWEEN DIFFERENT VALUES OF THE SLOPE OF D(E) 

! 

n(E) " q(E)# esc(E) ~ E
$%$&

! 

qsec (E) " Yspn(E)# spngasc

! 

nsec (E) " qesc(E)# esc(E)

! 

nsec (E)
n(E)

~ x(E) ~ 1
D(E)



LARGE SCALE CR ANISOTROPY 

d=1/3 
d=0.6 
	
  

Naïve expectation: 
 
 
 
 
 

proportional to Ed 

Blasi	
  &	
  Amato	
  2011	
  

ANISOTROPY DOMINATED BY NEARBY AND MOST RECENT SOURCES. 



Dependence of Halo Size 
PB and Amato 2011 



PROPAGATION OF ELECTRONS 
ELECTRONS’ PROPAGATION IS ESSENTIALLY DIFFERENT FROM THAT OF NUCLEI 
IN THAT ENERGY LOSSES ARE VERY IMPORTANT. LOSSES ARE DOMINATED BY 
SYNCHROTRON AND ICS.  
 
THE GREEN FUNCTION FOR ELECTRONS IS: 
 
 
 
 
 
 
 
 
 
AND AUTOMATICALLY SATISFIES THE FREE ESCAPE BOUNDARY CONDITION AT |z|
=H. HERE WE HAVE ASSUMED THAT ESCAPE TAKES PLACE ONLY AT |z|=H. 
 
THE TOTAL FLUX AT EARTH IS THE SUM OVER ALL SNR EXPLODED AT DIFFERENT 
TIMES IN THE GALAXY. 

G(x, y, z, t, E;x�, y�, z�, t�, E�) =

1
|b(E)|(4πλ)3/2

exp
�
− (x− x�)2 + (y − y�)2

4λ

�
δ(t− t� − τ)

+∞�

n=−∞
exp

�
− (z − z�n)2

4λ

�

b(E) = −AE2 τ(E,E�) = −
� E�

E

d�

b(�) λ(E,E�) =
� E

E�
d�

D(�)
b(�)



SIMPLE SCALINGS 
THE TRANSITION FROM A DIFFUSION DOMINATED TO A LOSS DOMINATED 
REGIME OCCURS WHERE: 
 
 
 
 
FOR TYPICAL VALUES OF THE PARAMETERS THIS OCCURS AROUND FEW GeV. 
 
IN THE LOSS DOMINATED REGIME: 
 
 
 
 
 
 
TO BE COMPARED WITH THE DIFFUSION DOMINATED REGIME: n(E)~E-g-d. 

H
2

D(E)
=

E

|b(E)|

! 

n(E) ~ Q(E)" loss (E)
4D(E)" loss (E)[ ]1/2

~ E#$#1#% /2+1/2 ~ E#$#1/2#% /2



ELECTRONS FROM SNRs 

PRIMARY ELECTRONS 
  + 

SECONDARY PAIRS 
(NO SPIRAL ARMS) 

PB & Amato 2012 



10 GeV 

100 GeV 1 TeV 

NUMBER OF ELECTRON 
SOURCES CONTRIBUTING 
AT GIVEN ENERGIES 

PB & Amato 2010 



The effect of  spiral arms	
  

BROAD ARMS                                                                  TIGHT ARMS 



The effect of  spiral arms 

PRIMARY ELECTRONS 
  + 

SECONDARY PAIRS 
(SPIRAL ARMS  5 kpc) 

PRIMARY ELECTRONS 
  + 

SECONDARY PAIRS 
(SPIRAL ARMS  2.8 kpc) 

TIGHT 
SPIRAL 
 
 
 
 
 
 
 
BROAD 
SPIRAL 

PB & Amato 2011 



Secondary positrons (1) 

H 

2h 
Rd 

disc 

Halo 

! 

"E#$#%
PRIMARY COSMIC RAY SPECTRUM AT EARTH 

! 

ne(E) "
N (E)#$ loss (E)
D(E)$ loss (E)

%E&'&1/2&( /2

SPECTRUM OF PRIMARY ELECTRONS AT EARTH 

IF ENERGY LOSSES 
ARE DOMINANT  
UPON DIFFUSION 
(TYPICALLY E>10 GeV 



Secondary positrons (2)	
  

! 

qe+ (E')dE'= nCR (E)dE nH " pp c#E-$ -%

INJECTION RATE OF SECONDARY POSITRONS 

! 

n
e+ (E) "

q
e+ (E)# loss (E)
D(E)# loss (E)

$E%&%1/2%3' /2

EQUILIBRIUM SPECTRUM OF SECONDARY POSITRONS (AND ELECTRONS) 
AT EARTH 

! 

"e+

"e+ +"e#
$
"e+

"e#
%E#&POSITRON 

FRACTION 

MONOTONICALLY 
DECREASING  
FUNCTION OF 
ENERGY 



THE POSITRON FRACTION 
FOR THE CASE OF TIGHT SPIRAL ARMS 



INTERESTING NEW FINDINGS 
PAMELA FINDS A GROWING POSITRON RATIO WITH ENERGY (4TH LECTURE) 
 
PAMELA AND CREAM FIND THAT THE SPECTRUM OF HYDROGEN AND HELIUM 
ARE STEEPER BELOW ~200 GeV/n THAN THEY ARE ABOVE THIS RIGIDITY 
 
PAMELA AND CREAM BOTH FIND THE HELIUM SPECTRUM HARDER THAN THE 
PROTON SPECTRUM 
 
AN ANALYSIS OF THE GAMMA RAY EMISSION FROM SOME CLOUDS IN THE 
GOULD BELT SHOWS A CR SPECTRUM BELOW 200 GeV AS STEEP AS THE ONE 
MEASURED BY PAMELA 
 
ELECTRON SPECTRUM WIGGLES?  
 
ICECUBE, MILAGRO FIND PUZZLING SMALL SCALE ANISOTROPIES, PROBABLY 
DUE TO THE BREAKING OF PERFECTLY DIFFUSIVE PROPAGATION IN THE 
VICINITY OF THE SOLAR SYSTEM. 
 
 



PAMELA	
  

CREAM	
  





CLOUDS IN THE GOULD BELT 

Neronov, Semikoz, Taylor 2012 

SOLAR  
MODULATION 



A POSSIBLE EXPLANATION 

PB, Amato & Serpico 2012 

SPECTRUM 
DIFFUSION 
COEFF 

GRAMMAGE 



ELECTRON SPECTRUM 


